Two results related to the solvability of M-groups  by Qian, Guohua
Journal of Algebra 323 (2010) 3134–3141Contents lists available at ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Two results related to the solvability of M-groups✩
Guohua Qian
Dept. Math., Changshu Institute of Technology, Changshu, Jiangsu, 215500, PR China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 27 September 2009
Available online 8 April 2010
Communicated by Gernot Stroth
MSC:
20C15
Keywords:
Finite group
M-group
Irreducible character
The results of this paper are as follows: for a ﬁnite group G , if all
primitive irreducible characters are linear, or if all nonmonomial
irreducible characters have the same degree, then G is solvable.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, G always denotes a ﬁnite group, all characters are complex characters, and Irr(G)
is the set of irreducible characters of G . An irreducible character of G is called monomial if it is
induced by a linear character of a subgroup of G . If all irreducible characters of G are monomial,
then G is called an M-group. A well-known theorem of Taketa states that any M-group is necessary
solvable. There are some generalizations of Taketa’s theorem on the solvability of M-groups (see [1,2],
[3, Chapter 14], [12]). If an irreducible character of a ﬁnite group cannot be induced by any character
of any proper subgroup, then the character is called primitive. Clearly, all linear characters are both
monomial and primitive.
Our aim of this article is to conﬁrm the following conjectures concerning the generalization of
Taketa’s theorem on the solvability of M-groups (see [3, p. 37]).
Conjecture A. If all primitive characters of G are linear, then G is solvable.
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For a normal subgroup N of G , we put Irr(G|N) = Irr(G) − Irr(G/N). For the special case when
N = G , the following theorems give the positive answers to the conjectures.
Theorem 1.1. Let N be a normal subgroup of G. If all primitive members in Irr(G|N) are linear, then N is
solvable.
Theorem 1.2. Let N be a normal subgroup of G. If all nonmonomial members in Irr(G|N) are of the same
degree, then N is solvable.
2. Lemmas
Lemma 2.1. (See [2, Lemma 2].) Let N = W1 × · · · × Wn be a direct product of isomorphic nonabelian simple
groups, M a maximal subgroup of N, and W1  M. Then one of the following assertions holds:
(1) M = (M ∩ W1) × W2 × · · · × Wn, where M ∩ W1 is maximal in W1 .
(2) One of the subgroups W2, . . . ,Wn, say W2 , is not contained in M, then M = W ×W3 ×· · ·×Wn, where
W ∼= W1 and W < W1 × W2 .
Lemma 2.2. (See [2, Lemma 1(d)].) Let G = G1 × G2 , Hi  Gi , φi ∈ Irr(Hi), i = 1,2. Then (φ1 × φ2)G =
φ
G1
1 × φG22 .
Lemma 2.3. (See [9].) Let G be a nonabelian simple group. If G has a subgroup H such that |G : H| is a prime
power pa, then G is one of the following groups:
(1) G ∼= An, H ∼= An−1 , where n = pa.
(2) G ∼= PSL(n,q), |G : H| = (qn − 1)/(q − 1) = pa, where n is a prime.
(3) G ∼= PSL(2,11), H ∼= A5 .
(4) G ∼= M23 and H ∼= M22 , or G ∼= M11 and H ∼= M10 .
(5) G ∼= PSU(4,2) ∼= Sp(4,3), and |G : H| = 33 .
Lemma 2.4. Let G be a nonabelian simple group of Lie type with deﬁning characteristic p, and σ be the
Steinberg character for G. Then the following results are true:
(1) σ extends to an irreducible character of Aut(G).
(2) If σ is not primitive, then G ∼= Sp(4,3), PSL(2,5), or PSL(2,7) ∼= PSL(3,2).
Proof. (1) It follows by [14].
(2) Suppose that σ is not primitive. Then σ = λH , where λ ∈ Irr(H) for some proper subgroup
H of G . Since |G : H| divides σ(1), |G : H| = pa for some positive integer a. For the case when
G ∼= PSL(n,q) and |G : H| = (qn − 1)/(q − 1) is a power of prime p, since G is also a simple group
of Lie type over a ﬁeld of characteristic p, it follows by [6, p. XV] that G ∼= PSL(2,7) ∼= PSL(3,2) or
G ∼= PSL(2,5) ∼= PSL(2,4). Note that if G ∼= PSL(2,11) and σ = ψG , where ψ ∈ Irr(H) for some proper
subgroup H of G , then H ∼= A5 (see [6]), and so ψ = 1H , this is impossible because 1G is an irre-
ducible constituent of 1GH . Now Lemma 2.3 tells us G is isomorphic to one of the following groups:
PSL(2,4) ∼= PSL(2,5), PSL(2,7) ∼= PSL(3,2), PSU(4,2) ∼= Sp(4,3). We also make some remarks about the
Steinberg characters of the mentioned simple groups. The Steinberg character for PSU(4,2) is prim-
itive, but the Steinberg character for Sp(4,3) may not be primitive. When G ∼= PSL(2,7) ∼= PSL(3,2),
both the Steinberg characters when viewing this group as either PSL(2,7) or PSL(3,2) are not neces-
sary primitive. Finally, the Steinberg character for PSL(2,5) is not primitive, but the Steinberg character
for PSL(2,4) is primitive. 
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able groups G satisfying the following hypothesis.
Hypothesis 2.5. Let N be a minimal normal subgroup of G so that CG(N) = 1, and N = W1 ×· · ·×Ws ,
where W1, . . . ,Ws are isomorphic nonabelian simple groups.
Let G,N be as in Hypothesis 2.5 and σ1 ∈ Irr(W1). It is well known that G acts transitively on
{W1, . . . ,Ws}, and thus s = |G : NG(W1)|. We may view σ1 as an irreducible character of N by deﬁn-
ing σ1(w1 · · ·ws) = σ1(w1), where wi ∈ Wi for any i = 1, . . . , s. Clearly IG(σ1), the inertia group of
σ1 in G , is a subgroup of NG(W1). For the case when IG(σ1) = NG(W1), there exist σi ∈ Irr(Wi) such
that {σ1, . . . , σs} is the set of distinct G-conjugates of σ1.
Lemma 2.6. (See [4, Lemma 5].) Let G,N satisfy Hypothesis 2.5. If σ1 ∈ Irr(W1) extends to Aut(W1), then
σ1 × · · · × σs , the direct product of all distinct conjugates of σ1 in G, extends to G.
Note that if σ1 ∈ Irr(W1) extends to Aut(W1), then σ1 extends to NG(W1) because W1CG(W1) is
a direct product and NG(W1)/CG(W1) Aut(W1), and then IG(W1) = NG(W1).
Lemma 2.7. Let 1 < N be a normal subgroup of G with N = N ′ .
(1) If χ ∈ Irr(G|N) is induced by a linear character of a subgroup H of G, then H ∩ N < N and |N : H ∩ N|
divides χ(1).
(2) If χ ∈ Irr(G|N) is of minimal degree, then χ is nonmonomial.
Proof. (1) Suppose that χ is induced by a linear character of a subgroup H of G . If H  N , then 1N
is an irreducible constituent of χN , and then χ ∈ Irr(G/N), a contradiction. Hence HN > H , and thus
H ∩ N < N . Clearly |HN : H| = |N : H ∩ N| divides |G : H| = χ(1), and we are done.
(2) Suppose that χ ∈ Irr(G|N) is of minimal degree and that χ is monomial. Then χ = λG , where
λ is a linear character of a subgroup H of G . Let us consider 1GH . Clearly, χ(1) = |G : H| = 1GH (1),
and 1GH = 1G + ψ1 + · · · + ψs , where ψi ∈ Irr(G) for any i = 1, . . . , s. Since ψi(1) < χ(1), by the min-
imality of χ(1) we have ψi ∈ Irr(G/N). Now N ⋂1is kerψi = ker 1GH  H , this contradicts the
statement (1). 
Lemma 2.8. Let 1 < N be a normal subgroup of G with N = N ′ , and suppose that a nonprincipal θ ∈ Irr(N)
extends to χ ∈ Irr(G). If χ = λG , where λ ∈ Irr(H) for some subgroup H of G, then the following results are
true:
(1) HN = G, and θ = (λH∩N )N where λH∩N is irreducible.
(2) If in addition θ(1) is minimal among all nontrivial irreducible character degrees of N, then χ is primitive.
Proof. (1) Let φ = λHN . Then φ ∈ Irr(HN) and φG = χ . Since θ is G-invariant, θ is an irreducible
constituent of φN . It follows that
θ(1) = χ(1) = φG(1) = φ(1)|G : HN| θ(1)|G : HN|,
and hence HN = G . By Frobenius Reciprocity [11, V, Problem 2],
θ = χN =
(
λHN
)
N = (λH∩N)N .
(2) Suppose that θ(1) = min{ψ(1) | 1N = ψ ∈ Irr(N)} and that χ is not primitive. By (1), θ = σ N ,
where σ ∈ Irr(T ) for some proper subgroup T of N . Write 1NT = 1N +ψ1 +· · ·+ψs , where ψi ∈ Irr(N).
Clearly 1< ψi(1) < θ(1), this contradicts the minimality of θ(1). 
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N θ1(1) θ2(1) N θ1(1) θ2(1) N θ1(1) θ2(1)
M11 10 16 M24 23 45 HN 760 133
M12 45 11 McL 22 231 Ly 2480 45694
J1 56 76 He 680 51 Th 248 4123
M22 21 45 Ru 378 406 Fi23 782 3588
J2 36 14 Suz 143 364 Co1 276 299
M23 22 45 O ′N 10944 13376 J4 1333 299367
2 F4(2)′ 27 26 Co3 23 253 Fi′24 8671 57477
HS 22 77 Co2 23 253 B 4371 96255
J3 324 85 Fi22 78 429 M 196883 21296876
Let N be a sporadic simple group or Tits simple group 2F4(2)′ and assume that N  G  Aut(N).
Note that |Aut(N) : N| 2. By [6], there exist θ1, θ2 ∈ Irr(N) and irreducible constituents χ1,χ2 of θG1 ,
θG2 respectively such that θ1, χ1 are primitive and χ2 is nonmonomial. Table 1 gives the degrees of
θ1 and θ2. We make some remarks on the choice of θ1 and θ2.
Remark a. Let θ1 be an Aut(N)-invariant member of Irr(N) such that N has no maximal subgroup
of index dividing θ1(1). Then θ1 is primitive. Observe that χ1 is an extension of θ1, it follows by
Lemma 2.8(1) that χ1 is primitive. Indeed, for almost all cases, θ1 ∈ Irr(N) can be chosen so that θ(1)
is of minimal degree (excluding 1).
Remark b. Let θ2 be a member of Irr(N) such that N has no maximal subgroup of index dividing
|Out(N)|θ2(1). By Lemma 2.7(1), χ2 is nonmonomial.
Remark c. For the case when N ∈ {Th, Fi23, J4, Fi′24, B,M}, [6] lists only some maximal subgroups
of N . For these cases, we have Out(N) = 1 unless N ∼= Fi′24. Let θ1, θ2 be of the ﬁrst and the second
minimal degrees (excluding 1) of N respectively. Let χ1,χ2 be irreducible constituent of θG1 and θ
G
2
respectively. Then χ1(1) = θ1(1), χ2(1) = θ2(1) (see the character table of Fi′24). By Lemma 2.8(2),
χ1 is primitive. We claim that χ2 is nonmonomial. Otherwise, χ2 is induced by a linear character of
a subgroup H , and then θ2 is induced by a linear character of a subgroup T of N (see Lemma 2.8(1)).
Then 1NT (1) = θ2(1), and 1NT is a sum of 1T and some irreducible characters of degree θ1(1). However,
one may check that θ1(1) does not divide θ2(1) − 1, a contradiction. Hence χ2 is nonmonomial.
3. Conjecture A
In this section we will prove Theorem 1.1 and then conﬁrm Conjecture A. Instead of proving The-
orem 1.1 directly, we will prove the following result.
Theorem 3.1. Suppose that G,N satisfy Hypothesis 2.5. Then there exists a primitive χ ∈ Irr(G|N) such that
χN = σ1 × · · · × σs , where σ1 ∈ Irr(W1) is primitive and extends to Aut(W1), and σ1, . . . , σs are the distinct
conjugates of σ1 in G.
Lemma 3.2. Suppose that G,N satisfy Hypothesis 2.5. Let σ1 ∈ Irr(W1) be extendible to Aut(W1), and μ be
a direct product of all distinct conjugates of σ1 in G. Then μ extends to some χ ∈ Irr(G). If in addition σ1 is
primitive, then χ is primitive.
Proof. Suppose that σ1 ∈ Irr(W1) is extendible to Aut(W1). Then σ1 extends to NG(W1), and thus
IG(σ1) = NG(W1). Let σ1, . . . , σs be the distinct conjugates of σ1 in G , where σi ∈ Irr(Wi) for any i.
Then μ = σ1 × · · · × σs ∈ Irr(N), and by Lemma 2.6 μ extends to some χ ∈ Irr(G).
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proper subgroup H of G and an irreducible character λ of H such that χ = λG . By Lemma 2.8,
G = HN and μ = (λ|H∩N)N .
Clearly H ∩ N is a proper subgroup of N . Let H ∩ N  M so that M is maximal in N . Then μ = ηN ,
where η = (λ|H∩N )M ∈ Irr(M). Since all σi , i = 1, . . . , s, are G-conjugate, no loss of generality we may
assume that W1  M . By Lemma 2.1, we have to investigate the following two cases. Assume that
M = W ×W3 ×· · ·×Ws , where W ∼= W1 and W < W1 ×W2. As (σ1 ×σ2)× (σ3 ×· · ·×σs) = μ = ηN ,
by Lemma 2.2 we have
η = η1 × (σ3 × · · · × σn), σ1 × σ2 = ηW1×W21 ,
where η1 ∈ Irr(W ). Then |W | > σ 21 (1) = σ1(1)σ2(1) = ηW1×W21 (1) = η(1)|W |, a contradiction. Assume
that M = (M ∩ W1) × W2 × · · · × Wn . By Lemma 2.2, σ1 can be induced by a character of M ∩ W1,
that is, σ1 is not primitive, a contradiction. Hence χ is primitive provided that σ1 is primitive. 
Proof of Theorem 3.1. Write W1 = W . By Lemma 3.2, we need only to ﬁnd a primitive γ ∈ Irr(W )
such that γ extends to Aut(W ).
Suppose that W is of Lie type over a ﬁeld of characteristic p. Let σ be the Steinberg character
of W . Then Lemma 2.4 tells us σ extends to Aut(W ). If σ is primitive, then we are done. Assume
that σ is not primitive. By Lemma 2.4, W is isomorphic to PSL(2,5), PSL(2,7) ∼= PSL(3,2) or Sp(4,3).
For these special cases we will use [6] to ﬁnd a primitive γ ∈ Irr(W ) such that γ extends to Aut(W ).
When W ∼= PSL(2,5), let γ ∈ Irr(W ) be of degree 4; when W ∼= PSL(2,7), let γ ∈ Irr(W ) be of de-
gree 6; when W ∼= Sp(4,3), let γ ∈ Irr(W ) be of degree 6. Then γ extends to Aut(W ). Since for any
one of these cases W has no maximal subgroup of index divisible by γ (1), γ is primitive, and we are
done.
Suppose that W ∼= An , n  5. Since A5 ∼= PSL(2,5), A6 ∼= PSL(2,9), we may assume that n  7.
Then Aut(An) = Sn . Let γ = (γ0)An , where γ0 is an irreducible character of Sn corresponding to the
partition [n − 1,1]. Then γ (1) = n − 1, and γ extends to γ0 ∈ Irr(Aut(An)). Note that n − 1 is the
minimal irreducible character degree (excluding 1) of An (see [13]). It follows by Lemma 2.7(2) that
γ is primitive.
Suppose that W is isomorphic to a sporadic simple group or 2F4(2)′ . Let γ = θ1 be as in Table 1.
Then γ is primitive and is extendible to Aut(W ), we are done.
By the classiﬁcation of ﬁnite simple groups, the proof is complete. 
Proof of Theorem 1.1. We work by induction on |G| + |N|. Suppose that N is not minimal normal
in G . Let E be a minimal normal subgroup of G with E < N . Observe that Irr(G|E) ⊆ Irr(G|N) and that
Irr(G/E|N/E) ⊆ Irr(G|N). It follows by induction that N/E and E are solvable, and so is N . Suppose
that there exists a minimal normal subgroup F of G such that F  N . Since Irr(G/F |NF/F ) ⊆ Irr(G|N),
induction implies the solvability of NF/F ∼= N . Hence we may assume that N is the unique minimal
normal subgroup of G , and then Theorem 3.1 does the job. 
4. Conjecture B
In order to prove Theorem 1.2 and then conﬁrm Conjecture B, we need to investigate the ﬁnite
groups G satisfying the following hypothesis.
Hypothesis 4.1. N  G  Aut(N), where N is a nonabelian simple group with CG(N) = 1. We write
m0 = min{χ(1) | χ ∈ Irr(G|N)}.
Lemma 4.2. Assume Hypothesis 4.1. If N is isomorphic to one of the following groups: PSL(2,q), q = 5,7,8,
Sp(4,3), then there exist nonmonomial χ1,χ2 ∈ Irr(G|N) such that χ1(1) = χ2(1).
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N θ1(1) θ2(1) N θ1(1) θ2(1)
PSL(2,5) 3 4 PSL(2,8) 7 8
G = N = PSL(2,7) 3 6 Sp(4,3) 5 6
N = PSL(2,7),G = PGL(2,7) 6 7
Proof. Let θ1, θ2 ∈ Irr(N) be in Table 2, and let χ1,χ2 be irreducible constituents of θG1 , θG2 respec-
tively. Checking the maximal subgroups of N and applying [6], we easily conclude that χ1,χ2 are
nonmonomial characters of G . We remark that PGL(2,7) has no subgroup of index 7 because by [6]
the two classes of subgroups of index 7 in PSL(2,7) fuse to a single class in PGL(2,7), and thus χ2
(of degree 7) is primitive. 
For notation and basic properties of ﬁnite groups of Lie type, we refer to [5]. Let S be simple linear
algebraic group of adjoint type over a ﬁeld of q elements, where q = p f is a power of prime p, and
let σ be an endomorphism of S so that the set Sσ of ﬁxed points is ﬁnite and the derived subgroup
of Sσ is isomorphic to a simple group N of Lie type. The order of outer automorphism group of N
is a product of d (diagonal automorphisms), f (ﬁeld automorphisms) and g (graph automorphisms).
Note that the degrees of the unipotent characters of Sσ and N are the same and that |N| = |Sσ |/d.
Thus, if ψ is some unipotent character of N , then for any irreducible constituent χ of ψAut(N) , χ(1)
divides g fψ(1).
Lemma 4.3. Assume Hypothesis 4.1. If N is of Lie type, then there exist nonmonomial χ1,χ2 ∈ Irr(G|N) such
that χ1(1) = χ2(1).
Proof. Suppose that N is a nonabelian simple group of Lie type over a ﬁeld Fq , where q = p f , a power
of prime p. Let σ0 be the Steinberg character of N . By Lemma 2.4, σ0 extends to χ0 ∈ Irr(G) and
χ0(1) = σ0(1) = |N|p .
If χ0 is monomial, then Lemma 2.4 implies that N is isomorphic to PSL(2,5), PSL(2,7) ∼= PSL(3,2)
or Sp(4,3), and then Lemma 4.2 does the job. Hence we assume that χ0 is nonmonomial. Note that
if χ0(1) >m0, then the result follows by Lemma 2.7(2).
• Type A1(q), q 4.
By Lemma 4.2, we may assume that q  9. It is well known that N has an irreducible character
θ of degree q − 1. Let χ be an irreducible constituent of θG . Clearly χ(1) = |N|p and χ(1) divides
θ(1)|Out(N)| = df (q − 1), where d = gcd(q − 1,2). We will show that χ is nonmonomial. Otherwise,
by Lemma 2.7(1), there exists a maximal subgroup H of N such that |N : H| divides χ(1). So |N : H|
divides df (q − 1), thus |N| = q(q + 1)(q − 1)/d divides df (q − 1)|H|, and then
q(q + 1)| f d2|H|.
Note that all possible cases for H are listed in [10, II, Theorem 8.27].
Assume that H is a dihedral group of order 2(q + 1)/d. Then q|2 f d, this is impossible.
Assume that H is a dihedral group of order 2(q − 1)/d. Then q(q + 1) divides 2 f d(q − 1), this is
impossible.
Assume that H ∼= A4 or S4. Then q(q + 1) divides 24 f d2. This implies that q|23, a contradiction.
Assume that H ∼= A5. Then q(q + 1) divides 60 f d2. This implies that q|22, a contradiction.
Assume that H is a Frobenius group of order q(q − 1)/d. Then (q + 1)|df (q − 1), this is impossi-
ble.
Assume that H ∼= PSL(2, pm) or PGL(2, pm). Then f = km for some integer k 2, and pkm(pkm + 1)
divides kmd2pm(pm + 1)(pm − 1). If p is odd, then pkm|kmpm , and so k = 1, a contradiction. If p = 2,
then 2km|km2m , so k = m = 2,q = 2km = 24, and then 24 + 1 divides (22 + 1)(22 − 1), a contradic-
tion.
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N χ0(1) χα(1) N χ0(1) χα(1)
G2(q) q6
1
3 qΦ
2
1Φ
2
2
2B2(q2) q4
1√
2
qΦ1Φ2
F4(q) q24 q2Φ23Φ
2
6Φ12
3D4(q3) q12 qΦ12
E6(q) q36 qΦ8Φ9 2G2(q2) q6
1√
3
qφ1Φ2Φ4
E7(q) q63 qΦ7Φ12Φ14 2 F4(q2) q24 q2Φ12Φ24
E8(q) q120 qΦ24Φ8Φ12Φ20Φ24
2E6(q2) q36 qΦ8Φ18
Hence χ0,χ ∈ Irr(G|N) are nonmonomial and of distinct degrees.
• Type An(q), n 2.
The unipotent character χ(1,n) has degree q(q
n−1)
q−1 , χ0(1) = qn(n+1)/2, and g = 2.
Assume that n = 2 and 2 f  q. Then q = p f ∈ {2,22}, so N ∼= PSL(3,q) where q = 2,4. By [6],
m0 < χ0(1), and we are done.
Assume that n = 2 and 2 f  q − 1. Then m0  f gχ(1,n)(1) = 2 f q(q2−1)q−1  q3 − q < χ0(1), and we
are done.
Assume that n 3. Then m0  f gχ(1,n)(1) = 2 f q(qn−1)q−1 < q2n  χ0(1), and we are done.
• Type 2An(q2), n 2.
The unipotent character χ(1,n) has degree q(q
n−(−1)n)
q+1 , χ0(1) = qn(n+1)/2, and g = 1, q2 = p f .
If n 3, then m0  f gχ(1,n)(1) = f q(qn−(−1)n)q+1 < q(qn + 1) < qn(n+1)/2 = χ0(1), and we are done. If
n = 2, then m0  f gχ(1,2)(1) = f q(q2−1)q+1  q2(q − 1) < q3 = χ0(1), and we are done.
• Type Bn(q) (n 2) or Cn(q) (n 3).
The unipotent character χα corresponding to the symbol α = ( 1 n
0
)
has degree (qn − q)(qn + 1)/
2(q − 1). Therefore, χ0(1) = qn2 > 2 f (qn − q)(qn + 1)/2(q − 1) f gχα(1)m0, and we are done.
• Type Dn(q) or 2Dn(q2), n 4.
Corresponding to the symbol α1 =
( 1 n
0 1
)
and the symbol α2 =
( 1 n−1
−
)
, there are unipotent char-
acters χα1 of Dn(q) and χα2 of 2Dn(q2) with degrees
q2n − q2
q2 − 1 and
q(qn−2 − 1)(qn + 1)
q2 − 1 respectively.
Now it is easy to check that χ0(1) = qn(n−1) > f gχαi (1)m0 for any i = 1,2, and we are done.
The remain case is when N is of exceptional type. Checking the unipotent characters of N listed
on pp. 477–490 of [5], we can easily conclude that, for some unipotent character χα of N , χ0(1) >
f gχα(1)m0, and we are done. Table 3 gives the degrees of χ0 and χα , where Φk = Φk(q) denotes
the polynomial in q whose roots are the primitive kth roots of unit. 
Lemma 4.4. Assume Hypothesis 4.1. If N is isomorphic to an alternating group, then there exist nonmonomial
χ1,χ2 ∈ Irr(G|N) such that χ1(1) = χ2(1).
Proof. Suppose that G > N ∼= An , n 5. By [6], we may assume that n 7, and so G = Sn . Note that
all nonlinear irreducible characters of Sn (n 6) are nonmonomial (see [7]). Thus the result follows.
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trivial monomial irreducible characters of the alternating groups are [m+ 1,1m−1] ↓ A2m . Let σ1, σ2 ∈
Irr(Sn) be corresponding to the partitions [n−1,1], [n−2,2] respectively. Then σi ↓ An := χi ∈ Irr(An),
i = 1,2. We see that χ1,χ2 ∈ Irr(G|N) are nonmonomial and of distinct degrees. 
Now we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. We work by induction on |G| + |N|. Arguing as those in the proof of The-
orem 1.1, we may assume that N is the only minimal normal subgroup of G . Suppose that N
is not solvable. Then G,N satisfy Hypothesis 2.5. By Theorem 3.1, there exists a primitive χ ∈
Irr(G) such that χN = σ1 × · · · × σs , where σ1 ∈ Irr(W1) is primitive and extends to NG(W1), and
σ1, . . . , σs are the distinct conjugates of σ1 in G . By our hypothesis and Lemma 2.7(2), χ(1) =m0 :=
min{ψ(1) | ψ ∈ Irr(G|N)}.
Assume that s 2. Since σ1 extends to NG(W1) (and thus IG(σ1) = NG(W1)), by Clifford theorem
there exists an irreducible constituent χ0 of σ G1 such that χ0(1) = |G : NG(W1)|σ1(1) = sσ1(1). Since
any nonabelian simple group has no irreducible character of degree 2, we have sσ1(1) < σ1(1)s , and
thus χ0(1) < χ(1), a contradiction.
Assume that s = 1. Then G , N satisfy Hypothesis 4.1. By the classiﬁcation of ﬁnite simple groups,
N is isomorphic to a sporadic simple group, Tits simple group, a simple group of Lie type or an
alternating group An . For any one of these cases, we always get a contradiction by Table 1, Lemma 4.3
and Lemma 4.4.
Hence N is necessary a solvable group. 
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